Transform Methods & Signal Processing
Class Exercise 0

Matthew Roughan
<matthew.roughan@adelaide.edu~au

The goal of this class exercise is to assess your grasp obthered knowledge for this course (Level Il Fourier Series
and Differential Equations or the equivalent). No marks bé assigned, but this is nevertheless an important exercis

1. Trigonometry:

(a) simplify the following
i. cos?(z) + sin’(z)
Solution: cos?(z) + sin®(z) = 1
ii. sin(z +7/2)
Solution: sin(x + 7/2) = cos(x)
iii. sin(az + )
Solution: sin(ax + 7) = — sin(ax)
iv. cos(z — 2m)
Solution: cos(z — 2m) = cos(z)
(b) write the following without any products of cosines aness
i. 2cos(nz) x cos(mzx)
Solution: 2 cos(nz) x cos(mz) = cos((n — m)x) + cos((n + m)x)
i. 2sin%(0)
Solution: 2sin?(f) = 1 — cos(26)
2. Differentiation and Integration:

(a) Differentiate the following functions

function derivative

(i) /e“"‘ dx f(z) = ae™®

(i)  f(z) = 2% cos(—=) f'(z) = 22 cos(—x) + 2% sin(—x)

(iiiy  f(x) = sin (In(x)) (@) = cos (In(a)) /2

™) fa) =3 o forfel <1 | fia) = ie Tt =1/(1 - 2)?

(v) :1:1/1“(1')’;':0 Note tha[tzO

/M@ = exp(In(e! M@))

— exp(in(z)/ In(x)
= exp(l)

Given that the function is a constant, then the derivativetrbe zero.
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(b) Find the integrals

i /e‘””dz

Solution: /e”'” dz =e**/a+c

1
ii. / ze " dx
0

1 1
Solution: / e~ do = ifze ]} — z/ e dy =ie T 4 [T =de i+ et — 1
0 0
00

fii. e~ emi2mst gt

J—oo

Solution:

oo oo
/ e o—izmst gy / e (2 +izst) gy

—oo —o0

_ e—m? /0o e—n(t+is)2 dt
—oc0

cotis
2 2
= e / e ™ du

—oo+is

2
—7s
= €

2

iv. cos(nx) cos(mz) dx

Saltjtion: Use the results of Q1.b.i, so farm € IN,n #m

[ costue) costmards = [ cosl(n = m)a) + cos((n -+ i)
1 sin((n—m)z) sin((n+m)z)]"
T2 [7 (n—m) a (n+m) o
= 0

Forn,m e IN,n=m

/ 1+ cos(2nz) dz

-7

[m B sm(?nr)}
2n r

NI N

2 4 )
V. / (2% —y?) dz dy
Jo Jo

Solution:

2 4 2
4
//(1‘27y2)dxdy = /[z3/37y2w]0dy
o Jo 0
2 q 5
= /4’5/374y2dy

0
= [#y/3-4/3);
= 2x4%/3-4x2%/3
= 2%(16-4)/3

= 27
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3. Co-ordinate systems: Take circular co-ordinates ¢ such that
r=rcosf, y=rsind

(a) draw a picture to illustrate this coordinate system
Solution:

(b) calculate the Jacobiahof the coordinate transform
Solution: The Jacobian Matrix is

J— a—; % _( cos® —rsinf
T\ g ) \sind rcost

The Jacobian Determinant is
J=rcos?0+rsin’f =r.

Either might be abbreviated to Jacobian but the determinditbe more useful for us.
4. Complex numbers:
(a) simplify (2 +14) x (1 — 31)
Solution: (2+4) x (1 —3i) =2.1—23i+i1—-3i>=2—6i+i+3=>5—5i.
(b) find the imaginary pafk ( 241 )

5—3i

Solution: 2tL = 2+i y 5481 _ 2+)(+3) _ 1045i46i=3 — T41li The imaginary part of this i$1/36.

5—31 5—31 5+3i 2549
(c) find the complex conjugate af+ bi
Solution: a — bi
(d) draw a picture of the set| < 1
_imag
- TTem
Solution: =i

(e) find all of the values of/—1
Solution: (1 +i)/v2, £(1 —i)/V2
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(f) for complex numbe find L ¢

Solution: Write e* = e+ = e%e = e*(cos(y) + isin(y)). Imagine a co-ordinate transform, consistent with
our definition ofz = z + iy, i.e.,

z = x4y
w o= T—1iy
Now the inverse transform would be
T z+w
T 2
_ zZ—w
Y= Ty
The chain rule is
9 wd o
0z  0z0x 020y
_ 10109
20x 20y
Hence
d . 1 9e* . 10 .
¢ = ig(cos(y)ﬂbm(y))+Za—y(cos(y)+zsm(y))

= 5o (cos(y) +isiny)) + S(~sin(y) + i cos(y)
= ¢"(cos(y) + isin(y))

= ¢

(g) showe*e*2 = e*1+*2 wherezy = 21 + y1i andzs = x2 + yoi
Solution: Note first thate* = e®1+¥1 which we define to be** = e1e1?, and so

efle = etituigmatuai
=  eTleT2e¥iigh2i
_ emitmrg(yity2)i
1 trat(yity2)i

etz

5. Fourier series:

(a) which of the following functionsdd, evenor neither

22, e, el x sin(nx)

Solution:
even, neither, even, even
(b) given a periodic function (period 4), defined pfz) = = on the interva(—2, 2|
i. draw this function over the interval-6, 6]
Solution: see the red “saw-toothed” curve in the following plot.
ii. obtain the Fourier series representatioryaf).
Solution: For a function with period

f(z) = Z A, eizme/L

i=—00
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where forn # 0

A

1 L2
_/ fz)e~2mme/L gy
L) _p)p
1 L/2
- / ze~ /L g
LJ rp
1 P ) }L/Q 1 /L/2 —i2 L
i i . i T/ dx
I [T(’ /(=i2mn/L) _L/2+i27m.714/26 !
I e—imn 4 gimn 1 » . L2
“oimn {#] G [ (=2 /L))
L cos(mn) L e—imn _ gimn
—2imn 2i(mn)? —2i

(=1)"L = Lsin(mn)
—2imn 2i(mn)?
()L

—2imn

Ay is a special case andly = 0. If we take the two components

L(—1)(n+1) gizmna/L _ g=i2mnz /L 1 (_1)("+D) sin(27na/L)

A2/l A oizmna/L _

we get

™m 27 ™m

o) = i L(-1)(»+D) sin(27rn’x/L)‘

™

which is the standard Fourier series representation ofetvetsoth wave forny ().

The following figure illustrates the Fourier series constian of the saw tooth, with each graph showing the
sum fromn = 1,..., N forincreasingV = 1, ..., 7. Notice how as more components of the Fourier series
are included, the blue curve gets closer to the red curveotibal functionf (z)).
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