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Introdu
tion

OF bodies 
hang'd to various forms, I sing:Ye Gods, from whom these mira
les did spring,Inspire my numbers with 
oelestial heat;'Till I my long laborious work 
ompleat:Ovid, Metamorphoses
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OutlineIntrodu
tion: (1 week)Continuous Fourier transforms: (1 week)Dis
rete Fourier transforms: (2 weeks)Filters and Linear Systems: (2 weeks)The Radon Transform and tomography: (1 week)Random Pro
esses and some theorems: (1 week)Wavelets: (4 weeks)More detailed outline available at
http://internal.maths.adelaide.edu.au/people/mroughan/Lecture_notes/

Transform_methods/
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Some referen
e books�Understanding Digital Signal Pro
essing�, R.G.Lyons, Prenti
e-Hall, 2nd edition, 2004.�Signals, Systems and Transforms�, C.L.Phillips,J.M.Parr and E.A.Riskin, Prenti
e-Hall, 3rd edition,2003.�The Fourier Transform and its Appli
ations�, R.N.Bra
ewell, M
Graw-Hill, 2000.�A Wavelet Tour of Signal Pro
essing�, StephanMallat, A
ademi
 Press, 2001.�Digital Image Pro
essing�, R.C. Gonzalez and R.E.Woods, 3rd Ed., Prenti
e Hall, 2008.
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On-line materialsAll materials 
an also be found at

http://internal.maths.adelaide.edu.au/people/mroughan/Lecture_notes/

Transform_methods/MyUni is not used in this 
ourse.
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MotivationA man 
amped in a national park, and noti
ed Mr Snakeand Mrs Snake slithering by. "Where are all the littlesnakes?" he asked.
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MotivationA man 
amped in a national park, and noti
ed Mr Snakeand Mrs Snake slithering by. "Where are all the littlesnakes?" he asked.Mr Snake replied, "We are adders, so we 
annotmultiply."
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MotivationA man 
amped in a national park, and noti
ed Mr Snakeand Mrs Snake slithering by. "Where are all the littlesnakes?" he asked.Mr Snake replied, "We are adders, so we 
annotmultiply."The following year, the man returned to the same
amping spot. This time there were a whole bat
h oflittle snakes. "I thought you said you 
ould not multiply,"he said to Mr Snake.
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MotivationA man 
amped in a national park, and noti
ed Mr Snakeand Mrs Snake slithering by. "Where are all the littlesnakes?" he asked.Mr Snake replied, "We are adders, so we 
annotmultiply."The following year, the man returned to the same
amping spot. This time there were a whole bat
h oflittle snakes. "I thought you said you 
ould not multiply,"he said to Mr Snake."Well, the park ranger 
ame by and built a log table, sonow we 
an multiply by adding!"
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Motivation for transformationoperations on transformed data may be easier
log(ab) = loga+ logbinsight behind slide ruleswant to 
ompute abtake logs (with slide rule)add the logs loga+ logbinvert the log fun
tion ab = exp(loga+ logb)the same information is presentbut somehow more a

essibletime domain vs frequen
y domain
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Appli
ation areas

signal and image pro
essingphysi
s (e.g. astronomy)number theoryprobability theory and statisti
s
ryptographya
ousti
so
eanography and seismologyopti
s and 
rystallographygeometryeverything else...
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Appli
ations: signal pro
essing

Internet traf�
 analysisdete
t anomalies (DoS atta
ks and worms)
hara
terize traf�
 (as a fra
tal)Musi
 generation and analysisfrequen
y, pit
h and harmoni
smusi
 stru
ture, and fra
talsBiomedi
al engineeringECG pro
essingCAT and MRI s
ansImage pro
essingdete
ting obje
ts in images
ompression (JPEG, �ngerprints)
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Integral transforms

An integral transform is a transform de�ned interms of an integral

f (t) →
Z

f (t)g(t,s)dt

Map a fun
tion (say of time) to a fun
tion of s

g(·) is 
alled the kernel of the transformnotation (several alternatives)
T{ f (t);s} =

R

f (t)g(t,s)dt

F(s) =
R

f (t)g(t,s)dt, H(s) =
R

h(t)g(t,s)dt

F (s) =
R

f (t)g(t,s)dt, H (s) =
R

h(t)g(t,s)dt

f̃ (s) =
R

f (t)g(t,s)dt
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Linear operators

operators on fun
tions (e.g. of time)
ould 
all it a fun
tionallinear operator O{ f} is de�ned by
O{a f +bh} = aO{ f}+bO{h}for a,b,∈ Rintegral transformations are linear operators

Z

[a f (t)+bh(t)]g(s, t)dt = a
Z

f (t)g(s, t)dt +b
Z

h(t)g(s, t)dt
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Examples of integral transforms

Name kernel g(·) transform of f (t)Identity δ(s− t) F(s) =

Z ∞

−∞
f (t)δ(s− t)dt

Fourier e−ist F(s) =
Z ∞

−∞
f (t)e−ist dt

Lapla
e e−st , for t ≥ 0 F(s) =

Z ∞

0
f (t)e−st dt

Hilbert 1
π(s−t) F(s) =

Z ∞

−∞
f (t)

1
π(s− t)

dt

Mellin tz−1 F(z) =

Z ∞

0
f (t) tz−1dt

Fourier Cosine cos(st) F(s) =

Z ∞

−∞
f (t) cos(st)dt
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An example: the Fourier transform
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An example: the Fourier transform
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An example: the Fourier transform
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An example: Beats
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Example: ECG
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Sound and WavesSound is formed from pressure waves in the airthe disturban
e propagates as the su

essive
ompression and rarefa
tionsthe number of 
ompression-de
ompressionsequen
es arriving at the dete
tor during a 
hosentime interval is 
alled the frequen
yThe time interval between su

essive maximal
ompressions is 
alled the period.The wavelength is the velo
ity divided by thefrequen
y.At ground level and at 0o C the speed of sound isapproximately 331.5 metres per se
ond
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Pit
hEqual Temperament s
ale. Tuning Pit
h: A=440HzNote Frequen
y (Hz)A 27.50 55.00 110.00 220.00 440.00 880.00 1760.00A# 29.13 58.27 116.54 233.08 466.16 932.32 1864.65B 30.86 61.73 123.47 246.94 493.88 987.76 1975.53C 32.70 65.40 130.81 261.62 523.25 1046.50 2093.00C# 34.64 69.29 138.59 277.18 554.36 1108.73 2217.46D 36.70 73.41 146.83 293.66 587.33 1174.65 2349.31D# 38.89 77.78 155.56 311.12 622.25 1244.50 2489.01E 41.20 82.40 164.81 329.62 659.25 1318.51 2637.02F 43.65 87.30 174.61 349.22 698.45 1396.91 2793.82F# 46.24 92.49 184.99 369.99 739.98 1479.97 2959.95G 48.99 97.99 195.99 391.99 783.99 1567.98 3135.96G# 51.91 103.82 207.65 415.30 830.60 1661.21 3322.43
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Equal temperment s
ale

Not the only possible s
ale
onvenient, be
ause easy to 
hange keyea
h o
tave doubles the frequen
y12 semitones per o
taveequal spa
ing on a log s
aleratio between semi-tones is equal (hen
e the nameof the s
ale), and therefore the ratio must be the12th root of 2 ≃ 1.0595, e.g. ratio of D# to D

38.89/36.70= 21/12 = 1.0595
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Harmoni
sReal instruments don't generate pure sin waves
f

2f

3f

Vibrational resonan
es at fundamental frequen
y f andat 2 f ,3 f , . . .We hear a mix of these harmoni
s
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Harmoni
s of A (440 Hz)Harmoni
 Frequen
y Normalized Note name how 
lose1 (fundamental) 440Hz 440Hz A 100%2 880Hz 440Hz A 100%3 1320Hz 660Hz E 100%4 1760Hz 440Hz A 100%5 2200Hz 550Hz C# 99%6 2640Hz 660Hz E 100%7 3080Hz 770Hz G 98%8 3520Hz 440Hz A 100%9 3960Hz 495Hz B 100%10 4400Hz 550Hz C# 99%11 4840Hz 605Hz D 103%12 5280Hz 660Hz E 100%13 5720Hz 715Hz F# 97%14 6160Hz 770Hz G 98%15 6600Hz 825Hz G# 99%
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Musi
al S
aleA table showing the A s
aleFrequen
y Harmoni
Interval name Ratio Example equivalentFundamental 1/1 A (440) 1stSe
ond 9/8 B (495) 9thThird 5/4 C# (550) 5th and 10thFourth 4/3 D (586) 11thFifth 3/2 E (660) 3rd and 6thSixth 5/3 F# (733.3) 13thSeventh 15/7 G# (825) 15thO
tave 2/1 A (880) 2nd, 4th, 8thAll of the notes in the s
ale fall (almost) on harmoni
s,and most of the harmoni
s are represented in the s
ale.
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Tone/Timbre of instrumentTone/Timbre of instrument is in part determined byproportion of different harmoni
s.Cos wave
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Tone/Timbre of instrumentTone/Timbre of instrument is in part determined byproportion of different harmoni
s.Note on a guitar
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Appli
ation: Pit
h Estimation

Autotuning guitar

http://www.technologyreview.com/
Infotech/19462/page1/mu
h of arti
le is on me
hani
ssomewhere we must be estimating pit
h of astringSimple approa
h is to use Fourier transformre�ne using �harmoni
 
omb�

http://ccrma.stanford.edu/~jos/
SimpleStrings/Plucked_Struck_String_
Pitch_Estimation.htmllook for the fundamental frequen
y f̂0 su
h thatthe sum of (log) power in the fundamental andharmoni
s is maximized.
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Example spe
trogram

Spe
trogram shows frequen
y 
ontent over time.This example is the Guitar plu
k we heard earlier.
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Example spe
trogram

Most sounds aren't 
ontinuous, they are transient
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Example spe
trogram

Dark side of the moon: Breathe 
lip
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Appli
ation: Changing pit
h

Sometimes we want to 
hange pit
hanonymizing an interview on TV (Vo
oder)
hanging the speed of a re
ording to make writing atrans
ript easier
hanging speed is easybut when you double the speed, you double thefrequen
yneed some way to 
orre
t for the 
hange in pit
hExample:Clip from Bernard Fanning �Songbird�,With the pit
h in
reased by a fa
tor of 2
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Appli
ation: Compression

raw audio, image and video �les are largewant to 
ompress thembest 
ompression ratios allowed if we drop somedatawant to make sure that the data we drop is notper
eptually importantexamples:JPEG imagesMP3 audioboth do 
ompression in the frequen
y domain
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Appli
ation: A
ousti
 �ngerprints

How 
ould we get a 
omputer to identify a song?last.fm 
an use �ngerprints to ID songs, be
auseID3 tags in songs (put in by users) often havetypos www.last.fm.Very large database of possible songs�ngerprint needs to be mu
h smaller than songeven smaller than 
ompressed songhow do we deal with degradationintrodu
ed noisesong might have been 
ompressedmaybe not all of song is played/heardnatural to do it in the frequen
y domain
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Appli
ation: Trans
ription

Allegri's "Miserere," was written in 1638, but byorder of the Pope, it 
ould only be sung in the SistineChapel during Easter week. About 140 years later ateenager heard the pie
e, and wrote the s
ore frommemory. There is some argument about whether hereleased it, or someone else did, but this is the perhapsthe �rst example of teenagers vs the musi
 industry.trans
ription is the pro
ess of taking audio, and
onverting it to written musi
 (a s
ore).it turns out to be jolly hard to get a 
omputer totrans
ribe a general pie
e of musi
 � we need todeal with transients.
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Some 2D integral transforms

Radon Transform (see also Hough transform)
F(ρ,θ) =

Z ∞

−∞

Z ∞

−∞
f (x,y)δ(ρ− xcosθ− ysinθ)dxdy

2D Fourier transform (
an go to N-dimensional)

F(u,v) =

Z ∞

−∞

Z ∞

−∞
f (x,y)e−2πi(ux+vy) dxdy

Hankel transform (see also Fourier-Bessel)

F(u,v) =

Z ∞

−∞

Z ∞

−∞
f (r)e−2πi(ux+vy) dxdy

Fourier trans. with a radially symmetri
 kernel
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An example: Radon transform
F(ρ,θ) =

Z ∞

−∞

Z ∞

−∞
f (x,y)δ(ρ− xcosθ− ysinθ)dxdy

x

y

ρ

θ

x         + y         =  cos θ sinθ ρ
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An example: Radon transform
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An example: Radon transform

http://eivind.imm.dtu.dk/staff/ptoft/Radon/Radon.html
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Other integral transformsWavelet transform, H-transform, Haar-transformZ-transformLapla
e-Stieltjes and Fourier-Stieltjesbilateral-Lapla
e (R ∞
−∞)Bus
hman and Mehler-Fo
k transforms, (powerfun
tions and Legendre polynomials)G- and Narain G-Transform (Meijer G-fun
tion)Hartley transform (
as = sin + 
os)Hankel (Fourier-Bessel), Kontorovi
h-Lebedev and,Meijer transforms (Bessel fun
tions)Stieltjes transform (gamma fun
tion and power)Abel transform (generalization of Hilbert transform)
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Relationships between transforms

Cosine transform = ℜ{Fourier transform}Sin transform = ℑ{Fourier transform}Lapla
e transform related to Fourier transformFourier transform related to Fourier series (notthe same)Wavelet transform related to Short Time FouriertransformOthers ...
Transform Methods & Signal Processing (APP MTH 4043): lecture 01 – p.39/61



Basis fun
tionsHow do you represent a fun
tion?a fun
tion is a weighted sum (or integral) of basisfun
tions

f (t) = ∑
k

akgk(t)

f (t) =

Z

a(s)g(t,s)dssimplest 
ase: a(s) = f (s), g(t,s) = δ(t − s)a transformation is a 
hange of basis
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Linear algebra example

How do you represent a ve
tor?a ve
tor is a weighted sum of basis ve
tors
f = ∑

k

akgk

simplest 
ase: ak = fk, gk = (0, . . . ,0,1,0. . . ,0)ta transformation is a 
hange of basis
Af = ∑

k

bkhk

note that dis
rete-time (�nite) 
ase, is just thesame
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Examples of integral transforms

Name basis fun
tionsIdentity Delta fun
tions δ(s− t)

Fourier Complex exponentials e−ist = cos(st)− isin(st)

Lapla
e Real exponentials e−st

Hilbert Hyperbola 1
π(s−t)Mellin Power fun
tions tz−1

Fourier Cosine Cosines cos(st)
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Properties of basis fun
tions

orthogonal / bi-orthogonal / orthonormalredundan
y, ef�
ien
y of representation�nite/in�nite supportsmoothness, regularityde
aysize of side lobesnumber of vanishing moments
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Transform properties

existen
e (when does integral 
onverge)invertible (
an we get ba
k the original signal)
omplexity (how mu
h work to 
ompute)
ontinuous vs dis
retehow does the transform behave when we 
hange theoriginal signal?e.g. stret
h the original signale.g. 
onvolve two signalsleakage (related to regularity and de
ay)
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InversionStory of the frog prin
e=> transformations 
an be invertibleStory of Pygmalion=> not all transformations are invertibleHow do we de
ide whi
h is whi
h?basis fun
tions must not loose any informationmust be a pra
ti
al way to extra
t the informationba
kmapping must be one to one (preserves informationin some way)orthogonal basis
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InversionName transform inverse transformFourier F(s) =
Z ∞

−∞
f (t)e2πist dt f (t) =

Z ∞

−∞
F(s)e−2πist ds

Lapla
e F(s) =
Z ∞

0
f (t)e−st dt f (t) =

1
2πi

Z γ+i∞

γ−i∞
F(s)est ds

Hilbert F(s) =

Z ∞

−∞

f (t)
π(s− t)

dt f (t) = −
Z ∞

−∞

F(s)
π(t − s)

ds

Mellin F(z) =

Z ∞

0
f (t) tz−1dt f (t) =

Z c+i∞

c−i∞
F(s)s−z ds

Identity F(s) =

Z ∞

∞
f (t)δ(s− t)dt f (t) =

Z ∞

∞
F(s)δ(s− t)ds
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Transform 
omplexity

mainly an issue for dis
rete transformations
rude (numeri
al) integration not very ef�
ientlength N data, dire
t transformation O(N2)Ef�
ient algorithms existFourier: Cooley-Tukey O(N logN)Wavelet: pyramidal �lter bank O(N)
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Key transform property

What do they do?Radon highlights lines in an imageFourier transformation highlights frequen
iesShort Time Fourier Transformation (spe
trogram)transient frequen
iesWavelet transformation highlightstransient �u
tuationsProperty they highlight is related to basis fun
tions.
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What will we miss?Too mu
h!analogue devi
es (antenna, opti
al devi
es, analogue�lters)Transform te
hniques for solving physi
al problems(e.g. DEs) where solution 
an be written in terms ofbasis fun
tions, e.g. heat diffusion, vibration, ...other transforms: Lapla
e, Lapla
e-Stieltjes,Fourier-Stieltjes, wavelet pa
ket, framelets, liftings
hemes, ...too mu
h else, ...
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Basi
 terminology

This 
ourse relies on your knowledge of 
omplexnumbers, and basi
 
al
ulus. We will brie�y re
ap someof the assumed knowledge here, in part to ensure we areaware of the notation that will be used in this 
ourse..
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Complex numbers

x = a+ ib, where i =
√
−1real part of x is ℜ(x) = aimaginary part of x is ℑ(x) = b
omplex 
onjugate x∗ = a− ibHermitian of a 
omplex matrix A = [ai j] is AH = [a∗

ji].identities

eix = cos(x)+ isin(x)

cos(x) = 1
2

(

eix + e−ix
)

sin(x) = 1
2i

(

eix − e−ix
)
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Simple signals

unit step:

u(t) =

{

0, t < 0
1, t ≥ 0

re
tangular pulse:

r(t) = u(t +1/2)−u(t−1/2).

sign (signum) fun
tion:
sgn(t) =

{

−1, t < 0
1, t > 0

1

t

1

t

t

1

−1
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Delta �fun
tion� δ(t)

de�nition

δ(−t) = δ(t)
Z t

−∞
δ(s)ds = u(t)

Z ∞

−∞
f (t)δ(t − t0)dt = f (t0)


onsequen
es

δ(t) = 0 for t 6= 0
Z ∞

−∞
δ(t)dt = 1

t

tt0

limit spike

δ(t − t  )0
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Some useful fun
tions: sin
The sin
 fun
tion

sinc(x) =

{

1, if x = 0
sinπx

πx , otherwise,

Properties:symmetri


R ∞
−∞ sinc(x)dx = 1

R ∞
−∞ sinc(ax)dx = 1/|a|

lim
a→0

1
a

sinc
(x

a

)

= δ(x)

−5 −3 −1 1 3 5
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1
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Signal 
hara
teristi
s

even: x(−t) = x(t)odd: x(−t) = −x(t)any signal x(t) = xeven(t)+ xodd(t) where
xeven(t) =

1
2

[x(t)+ x(−t)] and xodd(t) =
1
2

[x(t)− x(−t)]

Hermitian: x(−t) = x∗(t)periodi
: x(t +nT ) = x(t) for any n = 1,2, . . ., andsome T > 0.
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Even signals

x(−t) = x(t)

t
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Odd signals

x(−t) = −x(t)

t
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Hermitian signals

x(−t) = x∗(t)
Real

Imaginary

t
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Periodi
 signals

x(t +nT ) = x(t) for any n = 1,2, . . .

t
T
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Frequen
y terminology

The minimal value T = T0 > 0 for whi
h periodi
 signal
x(t +nT ) = x(t) for any n = 1,2, . . ., and some T > 0 is
alled the fundamental period, and has units of se
onds.

T = period measured in se
onds
f = 1/T = frequen
y measured in Hz

ω = 2π f measured in radians per se
ond
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Simple transformationstime reversal y(t) = x(−t)time s
aling y(t) = x(at)time shift y(t) = x(t − t0)amplitude s
aling y(t) = Ax(t)amplitude shift y(t) = B+ x(t).for 
omplex signals x(t) = a(t)+ ib(t)real part ℜ(x(t)) = a(t)imaginary part ℑ(x(t)) = b(t)
onjugate x∗(t) = a(t)− ib(t)magnitude |x(t)| =
√

a(t)2 +b(t)2phase angle θ(t) = arctan(b(t)/a(t))

x(t) = |x(t)|eiθ(t)
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