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Transforms in 2DUntil now we have only 
onsidered 1D fun
tions aspossible inputs, but there are many appli
ations wherewe want to 
onsider fun
tions with 2 (or more)independent variables, e.g., surfa
es, and the Fouriertransform naturally generalizes to this 
ase.
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Transforms in 2DWe want a separable basis.basis �ve
tors� are the produ
t of basis ve
torsfrom two 
omponent subspa
es. e.g. if the fun
tion
an be written as f (x,y) = g(x)h(y), we should be ableto write its FT as F(s, t) = G(s)H(t).makes 
omputation easiermakes most of the math easier (same methods usedfor proofs)Fourier transform in 2D
F(s, t) =

Z ∞

−∞

Z ∞

−∞
f (x,y)e−i2π(sx+ty) dxdy
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2D signals = images

2D signal pro
essing is used for imagesimages are sampled signals in 2D
x

y

f(x,y)

digital
camera

2D function f(x,y) 2D sampled function x(n,k)

same issues for sampling/quantization as we havefor 1D signals
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Displaying 2D signals

2D signal pro
essing is used for imagesimages are sampled signals in 2D
2D sampled function x(n,k)

display device

image pixel
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The DFT in 2DDFT

X(k1,k2) =
N1−1

∑
n1=0

N2−1

∑
n2=0

x(n1,n2)e
−i2πk1n1/N1e−i2πk2n2/N2,

To 
ompute it ef�
iently:1. 
ompute 1D FFT along the rows2. then do a 1D FFT along the 
olumnsCalled row-
olumn algorithmnote that the order 
ould 
hange.naturally generalizes to higher dimensions
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Examples (i)

x(n,k) = sin(2π3k/N)
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Examples (i): fftshift

x(n,k) = sin(2π3k/N)
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Examples (ii)

x(n,k) = sin(2π3n/N)
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Examples (iii): superposition
x(n,k) = sin(2π5n/N)+sin(2π3k/N)
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Examples (iv)

x(n,k) = sin(2π3(n+ k)/N)

signal
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DFT and symmetry

The symmetry of the 2D FT depends on the symmetryof the fun
tion.

F(−s,−v) =

Z ∞

−∞

Z ∞

−∞
f (x,y)ei2π(sx+ty) dxdy

=

Z ∞

−∞

Z ∞

−∞
f (−x,−y)e−i2π(sx+ty) dxdy

= F { f (−x,−y)}As before (in 1D), but now we re�e
t through the origin.similar result to before relating 
omplex 
onjugateset
.
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DFT and symmetry

Power-spe
trum of 2D DFT will be symmetri
 about the
enter (zero frequen
y).Equivalent to real time series produ
es evenpower-spe
trum.In matlab, use fftshift to see the plots this way.
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Examples (iv-b)

as before using fftshift

signal
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2D DFT of a sinusoid

f (x,y) = cos[2πs0(cos(θ)x+sin(θ)y)]Multiply by gτ(u)gτ(v) = Gaussians with standard dev. τ,where u an v are given in the 
oord. transform below.

F(s, t)=

Z ∞

−∞

Z ∞

−∞
gτ(u)gτ(v) f (x,y)e−i2π(sx+ty) dxdy

=
Z ∞

−∞

Z ∞

−∞
gτ(u)gτ(v)cos[2πs0(cos(θ)x+sin(θ)y)]e−i2π(sx+ty) dxdy

Change 
o-ordinates, so that u = cos(θ)x+sin(θ)y and

v = −sin(θ)x+cos(θ)y, and the transformation is just arotation so the Ja
obian is J =

∣

∣

∣

∣

∣

cos(θ) sin(θ)

−sin(θ) cos(θ)

∣

∣

∣

∣

∣

= 1.
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2D DFT of a sinusoidNote g(r) remains un
hanged by a rotation in the
o-ordinates.

F(s, t)=

Z ∞

−∞

Z ∞

−∞
gτ(u)gτ(v)cos[2πs0u]e−i2πu(cos(θ)s+sin(θ)t)e−i2πv(−sin(θ)s+cos(θ)t) dudv

=
Z ∞

−∞
gτ(v)e

−i2πv(−sin(θ)s+cos(θ)t) dv
Z ∞

−∞
gτ(u)cos[2πs0u]e−i2πu(cos(θ)s+sin(θ)t) du

The se
ond integral is just the Fourier transform of a
osine (with a Gaussian), so as the Gaussian widthin
reases τ → ∞, it be
omes the FT of a 
osine.

1
2

[δ(cos(θ)s+sin(θ)t − s0)+δ(cos(θ)s+sin(θ)t + s0)]

A pair of parallel �ridges� in the (s, t) plane.
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2D DFT of a sinusoidResult

F(s, t) =
Z ∞

−∞
e−i2πv(−sin(θ)s+cos(θ)t) dv

Z ∞

−∞
cos[2πs0u]e−i2πu(cos(θ)s+sin(θ)t) du

=
1
2

δ(−sin(θ)s+cos(θ)t) [δ(cos(θ)s+sin(θ)t − s0)+δ(cos(θ)s+sin(θ)t + s0)]A pair of parallel ridges, at right angles to anotherridge, interse
ting at two points.
  sin θ   cos   θ−s          + t         =   0

cos θ sinθs          + t         =  s

cos θ sinθs          + t         =  −s

θ

s

t

f

Intersection points

0

0
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2D DFT of a sinusoid

f (x,y) = cos[2πs0(cos(θ)x+sin(θ)y)] represents a sinusoidrotated by θ around the 
enter of the plane.

We have seen that the result is that the FT is alsorotated by θ, about the 
enter.

This holds more generally � a spatial rotation 
auses arotation in the frequen
y domain.

However, its not quite that simple for dis
retetransforms, where there is no su
h thing as an exa
trotation (ex
ept by kπ/2).
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Examples (v)

x(n,k) = sin(2π8n/N) with fftshift
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Examples (v-b)

x(n,k) = sin(2π8(cos(θ)n+sin(θ)k)/N) with fftshift
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Examples (vi)

x(n,k) = I {sin(2π(n+2k)/N) > 0.2} with fftshift
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Examples (vii)

x(n,k) = I {sin(2π(2n+ k)/N) > 0.2} with fftshift
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Examples (viii)

x(n,k) = sin
(

2π
√

(n/N −1/2)2 +(k/N −1/2)2
) with

fftshift
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Examples (viiib)

x(n,k) = I
{

√

(n/N −1/2)2 +(k/N −1/2)2 < 0.2
} with

fftshift
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Radial symmetry

Radially symmetri
 signal produ
es radially symmetri
DFTwe know that a rotation in spa
e domain, 
ausesequivalent rotation in frequen
y domain.rotation doesn't 
hange f (x,y), so F(s, t) must also beinvariant.Remember dis
retization effe
ts limit radialsymmetry.Given radial symmetry 
an get Hankel transform:useful where the system has radial symmetrye.g. opti
al systems, su
h as lenses.
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Examples (Lena)

Lena image and power-spe
tra plotted using fftshift

signal
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Aliasing in Images

Just as in 1D signals, when we quantize we introdu
enoise, and when we sample, we 
an introdu
e aliasing.However, aliasing in images (and other higherdimensional signals) 
an take many forms, and you haveprobably seen the effe
t before.
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Aliasing in images

Aliasing in images is similar to that in time signals.an image is a sampled spatial �eld
ameras average over a small angle for ea
h pixel,so effe
tively low-pass the image �eld beforesampling.CGI generation by sampling of underlyingmathemati
al model.produ
es jagged edges in images �jaggies�Moire patternsSolution is low-pass pre�ltering of data (as before).
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Jaggies
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Jaggies (redu
ed by enhan
ed resolution)

signal
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Jaggies (redu
ed by pre-�ltering)
signal
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Moire patterns
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Moire patterns
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Anti-aliased fontsAliased Anti-aliased
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Anti-aliased CGIComputer-Generated Images (CGI)one way to generate is raytra
inggenerate a ray for ea
h image pixel, and tra
e itspath, in
luding re�e
tions, and refra
tion.
omputationally expensive (there are faster butless exa
t methods), so don't want to generate morethan one ray per pixelbut jagged edges move (somewhat randomly),generating mar
hing ants.to get good results need to oversample, and average(e.g. a low-pass operation)
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Aliasing: 
rawling ants
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Resampling appli
ations: video

There are many variations of display for imagesDisplay width × height Depth rateVGA monitor 640 × 480 4 bit 60 HzPAL TV 720 × 576 (625) - 50 HzHDTV 1080i 1920 × 1080 8 bit 50 HzPlasma TV (typi
al) 1024 × 768 14 bit variableFilm ∼ 3000 ×∼ 2000 ∼ 12 bit 24 HzWorkstation 1920 × 1200 24 bit 60 HzB&W laser printer 6600 × 5500 1 bit -We need to be able to 
onvert between these (e.g. ifyour standard DVD player is hooked up to a high-defplasma s
reen).
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Resampling appli
ations: printing

Problem of resampling has been around for a long whilePrinters put ink on a pagethink of this as 1 bit quantization (ink, or no ink)so how 
an you do a pi
ture, with only 1 bit?
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Newsprint

Newspapers 
ame up with solutions many years ago

from the Australian, De
 11th, 2005
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Resampling appli
ations: printing

many printers have only 1 bit quantizatione.g. B&W laser printersink jets (typi
ally) have 3 or 4 
olor inksbut you 
an't mix them, so need to put togethersomehow?printers typi
ally have better spatial resolutionthan a monitore.g. 1200 dpi (dots per in
h)
ompare to a monitor with perhaps 72 dpiso we tradeoff sampling vs quantizationit works be
ause our eyes (or other sensors)effe
tively do a low pass before sampling
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Half-toning
problem is that we have limited quantization
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Halftoning

Pro
essing is 
alled half-toning (for printing)use dots of varying size
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Dithering

Problem with simple approa
hes above:introdu
e some patterns into the imagethese might be per
eptablewant to add some randomizationexample:

P(x,y) = round [I(x,y)+rand(x,y)]Example applet
http://www.markschulze.net/halftone/
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Examples of Dithering
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1. original image2. dithered by adding a random value3. Floyd-Steinberg error diffusion dithering
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Extreme example: as
ii art

Sample the image down to grays
ale with less than8-bit pre
ision, and then assign a 
hara
ter forea
h value.Ideally 
hara
ter is related to grays
alealso shape 
an be used to help de�ne lines.
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Extreme example: as
ii art
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Appli
ations of

Transforms in 2DThere are many examples of appli
ations for 2Dtransforms. We examine brie�y JPEG image
ompression and digital watermarks.
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Appli
ation: JPEG 
ompression
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Appli
ation: JPEG 
ompression

Example stats
ompression size (kb)no 
ompression 2304 = 1024×768×24/(8×1024)JPEG quality=0.75 62JPEG quality=0.50 37JPEG quality=0.25 24JPEG quality=0.10 13JPEG quality=0.05 9
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JPEG algorithm

Steps:
olor transform RGB to YIQ, and downsample I, Qdivide image into blo
ks of 8x8For ea
h 8x8 blo
kDCTquantizeen
ode quantized bits
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Color in images

Primary 
olors = Red, Green, Blue (RGB)
ombinations of these give 
olors Color Hexade
imalaqua #00ffffgray #808080green #008000lime #00ff00maroon #800000navy #000080olive #808000purple #800080red #ff0000silver #c0c0c0teal #008080white #ffffffyellow #ffff00bla
k #000000blue #0000fffu
hsia #ff00ff
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JPEG 
ompression (
olor transform)

G
R

B Y I

Q

downsample I and Q by 2:1
convert RGB to YIQ and

We 
an downsample I and Q be
ause our eyes are lesssensitive to these 
omponents.
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JPEG 
ompression (blo
ks)
Y

8

8

break image into 8x8 blocks
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The Dis
rete Cosine Transform (DCT)

For an N1×N2 image A, the DCT is de�ned as
B(k1,k2)= 4

N1−1

∑
i=0

N2−1

∑
j=0

A(i, j)cos

[

π
k1

N1

(

i+
1
2

)]

cos

[

π
k2

N2

(

j +
1
2

)]

Real-even DFT of half-shifted inputAs before there are other possible de�nitions (e.g. see

http://en.wikipedia.org/wiki/Discrete_cosine_transf orm).
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JPEG 
ompression � quantization

quantization refers to setting the values todis
rete values.if a small number of values are used they 
an been
oded in a small number of bits (e.g. 4 values, in 2bits).tradeoff between quality and 
ompression.uniform 
ompression applies the same quantizationa
ross all DCT 
oef�
ients.high-frequen
ies in images aren't as visible to nakedeyehen
e quantize higher frequen
ies more, withminimal loss in quality
Transform Methods & Signal Processing (APP MTH 4043): lecture 04 – p.55/69



Quantization

We start with some 
ontinuous distribution
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Quantization

Then quantize the distribution into a number of levels
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Quantization matrix

the quantization matrix is an 8×8 matrix of stepsizes for quantization of the 
orresponding elementof the DCT.quantize ea
h element by ⌊F[k1,k2]/q(k1,k2)⌋ where

q(k1,k2) is the quantization matrix.top left are lower frequen
ies, so smaller q values,in
reasing towards bottom right.typi
ally, many values turn out to be zero: this isgood for the next stage.
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JPEG 
ompression � En
oding

The levels in the quantizedblo
k are en
oded sequen-tially using standard 
odingte
hniques, su
h as Huff-man, or Arithmeti
 en
od-ing, and Run Length En
od-ing (RLE). The order is im-portant, be
ause the quan-tization will leave many ze-ros, mostly in the lowerright quadrant. RLE 
aneffe
tively en
ode thesegroups of zeros.
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JPEG 
ompression properties

JPEG 
ompression is lossy (looses information)one 
an't get ba
k to the original just from the
ompressed informationloss vs quality is tunable by 
hanging thequantization tables.somewhat adaptive (through small blo
ks), but notvery.low quality introdu
es observable artifa
ts
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Appli
ation: JPEG 
ompression

Quality = 0.75
Transform Methods & Signal Processing (APP MTH 4043): lecture 04 – p.61/69



Appli
ation: JPEG 
ompression

Quality = 0.25
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Appli
ation: JPEG 
ompression

Quality = 0.10
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Appli
ation: JPEG 
ompression

Quality = 0.05
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Steganography

Steganography: (
overed writing) The art and s
ien
eof hiding information by embedding messages withinother, seemingly harmless messages.has often been used to 
ode information in text(see following example)more re
ently, used to en
ode info. in other formsof dataimagesaudio
oding 
an be done using least signi�
ant bits, so itappears as noisewe 
an be even 
leverer!
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Steganography

The German Embassy in Washington, DC, sent thesemessages in telegrams to their headquarters in Berlinduring World War I (Kahn, 1996).
PRESIDENT’ S EMBARGO RULING SHOULD HAVE

IMMEDIATE NOTICE . GRAVE SITUATION AFFECTING

INTERNATIONAL LAW . STATEMENT FORESHADOWS

RUIN OF MANY NEUTRALS. YELLOW JOURNALS

UNIFYING NATIONAL EXCITEMENT IMMENSELY .

APPARENTLY NEUTRAL’ S PROTEST IS THOROUGHLY

DISCOUNTED AND IGNORED. ISMAN HARD HIT.
BLOCKADE ISSUE AFFECTS PRETEXT FOR EMBARGO

ON BYPRODUCTS, EJECTING SUETS AND

VEGETABLE OILS.
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Steganography

Reading the �rst 
hara
ter of every word in the �rstmessage or the se
ond 
hara
ter of every word in these
ond message.

PRESIDENT’ S EMBARGO RULING SHOULD HAVE

IMMEDIATE NOTICE. GRAVE SITUATION AFFECTING

INTERNATIONAL LAW. STATEMENT FORESHADOWS

RUIN OF MANY NEUTRALS. YELLOW JOURNALS

UNIFYING NATIONAL EXCITEMENT IMMENSELY.

APPARENTLY NEUTRAL’ S PROTEST IS THOROUGHLY

DISCOUNTED AND IGNORED. ISMAN H ARD HIT.
BLOCKADE ISSUE AFFECTS PRETEXT FOR EMBARGO

ON BYPRODUCTS, EJECTING SUETS AND

VEGETABLE OILS.
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Steganography

Reading the �rst 
hara
ter of every word in the �rstmessage or the se
ond 
hara
ter of every word in these
ond message will yield the following hidden text:PERSHING SAILS FROM N.Y. JUNE 1
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Appli
ations: digital watermarks

Watermarks are a parti
ular 
ase: we want to add to animage user data that isre
overable (given the key)hard to dete
t (without the key)hard to get rid ofallows one to �nd 
opyright violations. e.g.�nding (and proving) that an image on a web pagewas illegally 
opied from its owner.

Transform Methods & Signal Processing (APP MTH 4043): lecture 04 – p.66/69



WatermarksVERY non-trivial to get right (se
urity is always hard).It must resist natural transformations of the image, e.g.image 
roppingre
ompression
hanging �le typesrotationPlus be hard for an opponent toremove deliberately.dete
t and identifyforge a watermark

Least signi�
ant bitswould be lost in some-thing as simple as
ompression!
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Watermarks in the frequen
y domain

In JPEG 
ompression, we found that some values
ould be quantized with minimal visual impa
t.similarly, we 
ould deliberately 
hange the values alittle with minimal impa
t on the image quality
hange low frequen
y 
omponents, as they are lessquantized during 
ompression, and less likely to belost.apply to whole image so that 
ropping doesn't 
ausea problemuse 
rypto te
hniques on the information to make ithard to a

ess/dete
t
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Appli
ations: digital watermarks

A somewhat easier problem is tamper-proof watermarkput some mark onto the image su
h thattransformation of the image in any way will damagethe mark.then if the image has been altered, we 
an �nd oute.g. for use in 
hain of eviden
e, to prove that adigital image was not altered.again we 
an hide this information in the DCT
oef�
ients.
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