
�

-.

��� � � ��� � 	�
 �
 � � �

<matthew.roughan@adelaide.edu.au>

���� ���� � ��� �� �� � � � � � � � � ! " � # � !� ��

$ � "� � � � � � � ! " � # � !� �� � $ �� �� � ��

%� �'& � (� � !*) � � � � � � � � � �

Matthew Roughan, 2004 – p.1/23



�

��� � ��� � 	 � 
 �
� 
 �� �� � � �� �� 
 � � � � � �

� � � � 	 
� � � 	� � � � � � � 
� � A → B � � 
� � � � � � � � ��� � 
 �

��� � � � �� �� 
 � � � � � � � � � � � � 	 � 
 � � �� � � � � 	� � � � � �

A B
The Internet

 !� � �� � � 	 
� � � 	� � � � � � � � � � � � � � � � � �"


 �� � � � � � � � � � �� � � � � � � � � � �� 
 � � 	 �� � #�

Matthew Roughan, 2004 – p.2/23



� �

� �� � � � 
 � � � �� � �� � � � � � 	 
� � � � � � � �
� � � � � � 
� � � � � � � �

� � � � �

N � �� � � 
 � � � � � � � �"

� � � �� � � �� � � � � � � � 
� � �"

�� � � � � � 	 � � � � � � � � 
� � � �

� � � � � � 	 � 
 � �� � � � � 
� � � 
� � �� 
 �

� � � �� � � �� � � � � �� � � � � � � 
� � �

�� � � � � � � �� � � 
 � � � 
� 
 � � � � � 
� � �"

�� ��� � � � �� � � � � � � �� � � � �� �� � � N → ∞

� � 
 �� � � � � � � � 
 � � 
 � ��� 	 
�� 
� 	 �� � ��� � 	 
��

Matthew Roughan, 2004 – p.3/23



� �

� 	 	 � �� � � � � � �

	 � ��� � � � � � � �� ��� �� 	 � �� �

� �� �� � � � � � �� � � � �

� � 
 �� � � � � 	 � � �� � � � � � � � 


� �	� � � � � � � � � � � �

� � � � �� � � �� � � � 
 � �

� � 
 � � � � � � �

� � �� � � � � � � � � � � � � �� � �

�� �� � 
� 	 � � � �� 	� � � � � �

� � � � � � � � �� 	 	 � � �

�� � � 
 � � � � � �

�� � �� � 
 � � � �

	� � � � � � � � � 
� � �

	� � � � � � � � � � 


	� � � � � 
 �� 
 � � 
 � � �

� � 
� � � � 	 � �

Matthew Roughan, 2004 – p.4/23



� � �

� � � �� � � � �� � � � � � � � 
� � �

� � � � � � � � ��� � � � � � � �� � � 
 � � � � � � � 
 � � �� � � � 
� � � �

� � 	 � �� � � � � � � � 	 � � � � � � � �� � � � �� 
 � � 
 �� � �� 	 
� � � � �

⇒ � � � � � � � � 
� � � � � �� � 
 � � � �� � � � � � � � � � � � � � 
� � �

� �� � � 
 � � � � � � � � � 
 � � � � � � � � � � � � 
� � � � �� � ��� � �

� � � � � 
 � � � � � � � � � � � � � � �� � � � � � �

� � 
 � � �� � � � � � � � � 
 �� � � � � � � � � � # � � � � � � �

�� 	 � �� � �� 
� � � � � � �� 


� � � � � � �� � � � � � � � � � � �
�

� � � � � � � � � � � � 
� � � � �

� � � # � � �� � �� � � � � �� 
 � � � � �� � � � �

� � � � 
� � � � � � � �� 
� �� � �� � � � � ��� � � � � � � �� � � 
 � � � � � �

Matthew Roughan, 2004 – p.5/23



� � �

� � � � � � � � � 	 � � � � � �
�

� � � � � �� � � � � � � � � 
 � � � � � � � � �
Xi� � � � �� � 	 � � � �� �

X̂ =
1
N

N
∑

i=1

Xi,

� � � � E
[

X̂
]

= E [X0]�
� � �

√
N

(

X̂ −E [X0]
)

→ N(0,σ2)

� � � � � � 
 � � � � � � � � �

N → ∞�
� � � 
 � σ2 =

�� 


[X0]

��� � � � �� � � � � � � � � � � � �� � � X̂ � 
 � ±1.96σ/
√

N

Matthew Roughan, 2004 – p.6/23



�

� � � � �� � � �

20 40 60 80 100
0

1

2

3

4

5

N

Matthew Roughan, 2004 – p.7/23



� �

� �� � � � �� 
 � � � � � � � � � � � � � � 	 	 
� � � �� � � � �

� 	 	 
� � � � � � �
� 
 � � ��� � � < 1 � � � �
� � � � � 
� � � �

�� � � 
� � �
� 
 � � � � � � � � � > 24

�
� � 
 � � � � � 
� � � �

� � � � � �� � � � �� � 	 
� � � � � � � � �� � � �

	 
� � � � � � �� � � � � 
� � � � � � �

� � � � �� � � 	 
� � � � � � � � � � � � � � �� � � � �� # �

�� � � � 	 	 � �� � � � � � � � 
 � � � � � 
� � � � � � � � � �� � � �

� � 
 � � � � �� �� 
 � � � � � �

� � 
 �� � � � � 	 � � �� � � � � � � � 
 � � � � � �� � �

� � � � 
 � � � � � � � � �� 
 � � � � � 
 �� � �

Matthew Roughan, 2004 – p.8/23



� � � �

� � � � � 
� � � � � � �� � � 
 � � � � � � � � � 
� � �

	 � 
 � �� � � �� � � 
 � � � � � � � �� � 
 � � � � � � � �

	� � � ��� � � �� � � 
 � � � � � �

 � � � � � � 
� � � � � � � � � �"

�� � �� 
 �� � � N �

� �� � � 
 � �� 
 � � 
 � � � � � � � ���

	 � � �� � � � � � � � � �� � � � � �� � � 
 � � � � � �
� N → ∞�

�� � � � � � � �� � � � � 
 � � �� � �� �� � � 
� "

� � � � � � � � � �� � � ��� � � � � � � 
 � � � � � � � � � � � �

Matthew Roughan, 2004 – p.9/23



� � �

�

�

�

�� � � � �� � � � � � � � 	 
� � � � �

X(t) � � � 
 � � � � �� � 	 � � � �� �

X̂ =
1
T

∫ T

0
X(u)du

� � �� � 
 � � � �� � � � � 
� � � �� � X̂ → E [X ]�
� � �

√
T

(

X̂ −E [X ]
)

→ N(0,s2)

� � � � � � 
 � � � � � � � � �

T → ∞�
� � � 
 �

s2 = 2σ2
∫ ∞

0
r(u)du

� � � 
 � σ2 =

�� 

[X ]�

� � �

r(s)

� � � � � � � �� � � 
 
 � � � � � � � � �

X(t)�

Matthew Roughan, 2004 – p.10/23



�

� � � � � 
 �� � 	 � � � � 
 � �� 
 � � � 
 
 � � � � � �

� � � � � � �
� 
 �� � � � � �� � � � � 	 � 
 �� � 	 � �

� � � 
 � � � � �� 
� � � �

N → ∞

�� 	 �� 
 � � � � � � � � � � 
 � �� �� � �� �� � 	 � � � 2

� � � � 	 �� � �� 
 � �� � � �
�

� � � � � � � � � 
 � � 	� � � � � � � � 
 �

� � 
 � � �� � � 
 � � � � � � �

��� � � 
� � � � � � � 
 � � � � � � � T � σ � � �

r(s)�

Matthew Roughan, 2004 – p.11/23



�

� � � � � �� � 	 
� � � � �

Zt = αZt−1 +(1−α)Xt

20 40 60 80 100

−1

−0.5

0

0.5

1

N

Matthew Roughan, 2004 – p.12/23



�


 � 
 � �� � � �� � � 
 � � � � � � � � �� � � 
 � � � � � � 
 
� 
 � � 
� �
�

� � 
 � � � � � � � � � � � � � � 
� � � � �� � � � � � � � � � �

� 
 � � � �� � � � � � � � � � � � � 
 
 � � � � � �" � �� �

0

20

40

60

80

100

bu
ffe

r 
le

ng
th

Matthew Roughan, 2004 – p.13/23




� � � �� � 	� � � � � � 
 
 ��� � � � � 
� � � λ

�

� � 	� � � � � � � � � � 
� �� � � � � � � � � �� � 1/µ

�

� � � 
� � � � � �� � � � � � � �

E [Q] =
ρ2

1−ρ

� � � � 	 �� � �� � � 
 � � �� � �� 
 � � � � � � � �
�

� � � � �

s2 '
4ρ2

(1−ρ)4

�� 
 
 � � � � � � � � � 
� � � �� � 
 � � � � � � � � � � 
� � � � 	 � � � � � � � �

� �� � �� � � � �

⇒
� � � � � � � � 	 � 
 � � � �

� �� � �� � � � �
⇒ �� 
 � � � 
 
 � � � � � � �

s2 � � � � � �� � � � � � 
 
 � �� 	 
 � 	 �

Matthew Roughan, 2004 – p.14/23



�

10
2

10
3

10
4

10
5

10
−2

10
−1

10
0

10
1

rho = 0.50

rho = 0.60

rho = 0.70

rho = 0.80

rho = 0.90

N

δ 
B

Matthew Roughan, 2004 – p.15/23



� � �

�
� � � � 
 � � � � ��� 	 
�� 
� 	 �� � ��� � 	 
 � � � � � � � � � 
� � � � � � �

� � �� � � � � � � � � � � �� � � � � �� � � � � � � � � � �
�

� � � � � � 	 � � � � � � � � � � �

� � � � � � � � � � � � �� � � 
 � � � � � � � � � � 
� � �

� � � � � � � � � � � �� �

Matthew Roughan, 2004 – p.16/23



� �

�� � 
 � � � � � � � � � � � �� � � � � � � � � 	� � � ��� �

 � � � � � � � 
 � � � � �� �

� �� � � 
 � � � � � � � � 	� � � � � � � � � � � �

� � �� 
 � � � � � � � 	� � � � � � � � �� � � 
 � � � � � � �

� 
 � 
� 	 � � 	 
� � � � � �� 
 �� 
 � � � � � 
� � �

� �� 
 �� � � � � � �� � � � � �

� �� 
 �� � � � � � 
 
 � � � � � � � �


 � � � � � � � � � � 
� � �

� � � � � � � � � 
� � � � � � �

� �� � � �� � � � � � � � � � � � � � � �

� � � � � � � � 	 � � � � 	 � � �� � 	 
� � � 
� � �

Matthew Roughan, 2004 – p.17/23



� � �

0 0.2 0.4 0.6 0.8 1
0

20

40

60

80

100

ρ
A

σ W

σ
W

 optimal p
σ

W
(ρ)

Matthew Roughan, 2004 – p.18/23



� � �

�
� � � � 
 � � � � ��� 	 
�� 
� 	 �� � ��� � 	 
 � � � � � � � � � 
� � � � � � �

� � �� � � � � � � � � � � �� � � � � �� � � � � � � � � � �
�

� � � � � � 	 � � � � � � � � � � �

� � � � � � � � � � � � �� � � 
 � � � � � � � � � � 
� � �

� � � � � � � � � � � �� �

�
� � � � ��� � 	 
� � � � � � �� 
 �� � � � � � � � � � �

� �� 
 �� � � � � � 
 
 � � � � � � � �


 � � � � � � � � � � � � � �� �� 
 � � � � 
� � ��

�
� � � � �� 	 � � 
� � � � �� � � � � �� �� 	� 
� �� � � � � � � �

� � � � � � �� � �� � � 
 � �

�
� 
 � � � �� � � � � � � �  � � � � � � � 
 � � � � �� � 
 �� � � � �

	 
 � �� � 	 � �

Matthew Roughan, 2004 – p.19/23



� � � �

	� � � ��� � �� � 	 � � � �

� � � � � � �� �

� � � � �
�

� � � � 	 � �

� � � � � � � � 	� � � � � �

p

� � 	 
� 	� 
 � � � � � �

� 
 
 ��� � � � 	� � � � � �

�� � 	 � � �

ρ

� � �� 
 �� � �	� � � � � � �

� � � � 
 � � � � � � 
� � �
±

� � �

0 0.2 0.4 0.6 0.8 1

10
−4

10
−2

10
0

10
2

10
4

10
6

ρ

T
 (

se
co

nd
s)

p = 1e−09
p = 1e−06
p = 0.001
p = 1

Matthew Roughan, 2004 – p.20/23



� � �

�� � � � 
 � �� � � 
 � � � � � � �� � � � � � � 	 � � � �

��� � ��� � 	 
� � � � � �
� � � � � � �� � 
 � � � � � 
� � �


� � � ��� � � � � � � � �� �� 
 � � � � � � � � �� � 	 � �

� � 
 � � � � �� � � 
 � � � � � �"

� � � � � � � � 
 � � � �� � � �

±

� � � � �

� � 
 � � �� � �� � � 
� � � � � � 
 � � � � � � � 
 �

�� � �� 
 � � �� � 
 � � 
 �� � �
�

� � � � � 	 � � � � � � �"

� � � � � � � � � � ��� � � � � � � � 
 � � � �

� �� 	 � ��� � 
� � � � � �

� � � � � � � � �� � � � � � � � � �
� 
 � � 
 �� � � 	� 
� � � � � 
 �

	 
� � � � � � �
� 
 � � � �� � � � � � � �� � 
 � 	 
� � � � � �

� � � � � �� � � � � �� � � �

Matthew Roughan, 2004 – p.21/23



� � �

� � � � � � � � �
� 
 � � � � � � � � � � � � � � � ��� � 
 �

� � 
 
 � � � � � ��� � 
 � �

� � �� � � � � � � � � �� 
 �� � � � � 	 � 
 � � � � � �

�� � � � � � � �
� � � � � � � 	 � � � � � � � � � � � � � � � � �

� � � � � � � � � �� � �

� � � � � � � �� � � �� � 
 � � � � �

� � � � � � � � � �
� 
� � � � 
 
 � � � � � � � � �� � � � �

�� � � � � � � � � � � 
 
 � � � � � � �� ��

� � � � � 
 � �� � �
�

�� � � � � 
� � � �

��� � �
� � � � � � � � �� � � 
� � � �

�� � � � � � 
� � #�
�

�� � � � �� � �

� �� � � 
 � � 
 
 ��� � � 
� � �
�

�� � � � �� �

Matthew Roughan, 2004 – p.22/23



� �

� � � 
 � � 
 � � � � �� � � � �� � �� � � � � � � � � � � � � � � � � 
� � � � � �

� � � � �� � � � � 
 � �� � � �
� 
 � � � � 
 � � � � �� � � 
 � � � � �

� � �� � � � � �� � � � � 
 � �� � � �
� 
 � � � � 
 � � � � 
 � � � � � � � � � �

� �� � � � � 
 � �

�
� � � � 	� 
 �� � � � 
 � � � � � � � �� � � 
 � � � � � � � � � � � � � �

�� � � � � � � � � � � � � � � � � � 
� � � � � � � � � � � � 
� � � � � � � � � �
� "

� � � � �� � 	 	 � �� � � � � � � 
 �� � � � � � � � �� � �� � "

� � � � �� � � � � � � � � � � � � � � � � � � 
 �� � �� �� "

<

�� � � ��� �	� 
� �
 � � � � ��� � � � � � � �
� � � � �

>

Matthew Roughan, 2004 – p.23/23



� �

�� �

Matthew Roughan, 2004 – p.24/23



� �

�� 
 
 � � � � � � � � � 
 � �� � � � � � � � � � � � �� � � � � � � � 	 
� � � � �

� � �� 
 � � � �� � � �
� 
 � � �� � 	 � � � � � � � � 
� � �

δt

�
s2 = σ2

[

1+
∞

∑

i=1

r(k δt)

]


� � � �� � �� � 	 � � � � 
� � � λ

�
s2 = σ2

[

1
λ

+2
∫ ∞

0
r(u)du

]

Matthew Roughan, 2004 – p.25/23



�

ρ = 0.5

10
2

10
3

10
4

10
5

10
−2

10
−1

10
0

10
1

N

δ 
B

experimental CI
zero correlation CI
theoretical CI

Matthew Roughan, 2004 – p.26/23



�

ρ = 0.7

10
2

10
3

10
4

10
5

10
−2

10
−1

10
0

10
1

N

δ 
B

experimental CI
zero correlation CI
theoretical CI

Matthew Roughan, 2004 – p.27/23



�

ρ = 0.9

10
2

10
3

10
4

10
5

10
−2

10
−1

10
0

10
1

N

δ 
B

experimental CI
zero correlation CI
theoretical CI

Matthew Roughan, 2004 – p.28/23



� � �

� � � � � � �� � � � � � � � � � � �

s2 '
ρ[1− (1−ρ)c2

s ](1+ c2
s)

3

2(1−ρ)4

� �� � 
 � � � � � 
 � � �� � � � � � �� �

� � � 	 	 
� � � �� � � � � � �� � � � � �� � � �

� � � � 
� � #� � � 	 � � �� � � �� � �

� � � � 
� � �	� � � � � �

�� � �� � � � � �� � � � 
 
 � � � � � � � �

�� � � � 	 �� � �� 
 � � � � � � � � � � �

� � � � � � � � � � � � � � � � � �

Matthew Roughan, 2004 – p.29/23



� � �

10
0

10
2

10
4

10
6

10
−4

10
−3

10
−2

10
−1

10
0

10
1

∆ T

ro
ot

 m
ea

n 
sq

ua
re

d 
er

ro
r

H = 0.50
H = 0.60
H = 0.70
H = 0.80

Matthew Roughan, 2004 – p.30/23



� � �

10
2

10
4

10
6

10
−3

10
−2

10
−1

10
0

10
1

10
2

stdev = 0.3

sa
m

pl
e 

m
ea

n 
de

vi
at

io
n

N

rho = 0.5
rho = 0.6
rho = 0.7
rho = 0.8
rho = 0.9

Matthew Roughan, 2004 – p.31/23



� � �

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

ρ
A

ar
riv

al
 r

at
e

ρ
S

ρ = ρ
A
 / (1−p)

ρ
A

Matthew Roughan, 2004 – p.32/23


	The problem
	Motivation
	Related problems
	Statistical Accuracy
	Central Limit Theorem
	Example
	Time is short
	Constrained time interval
	Central Limit Theorem: cont. time
	What does it mean
	Impact of correlated measurements
	How to apply here
	M/M/1 queue
	Results M/M/1
	Implications
	Active probing
	Optimal Probing
	Implications
	The scale of the problem is big
	Implications
	Mitigation
	Conclusion
	
	Discrete samples
	Results M/M/1
	Results M/M/1
	Results M/M/1
	Generalizations
	Simulation for LRD queue
	Simulation for LRD queue
	Optimal Probing

